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Gas separation by means of the Knudsen compressor
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Abstract

A possibility of making use of the Knudsen compressor as a gas separator is investigated. Starting from the description at the
microscopic level on the basis of the kinetic theory of gases, a fluid-dynamic model describing the behaviour of the mixture in the
Knudsen compressor is derived. Then, by the use of this model, it is numerically demonstrated that the Knudsen compressor works
certainly as a gas separator. The separation performance is shown to reach a practical level by increasing the number of elemental
units in the device. The numerical simulation is carried out for various molecular models, not only for fundamental models, the
hard-sphere and Maxwell molecules, but also for more realistic models such as the inverse power-law potential and Lennard-Jones
models, assuming the McCormack model equation at the microscopic level. The results show that the modelling by the celebrated
Maxwell molecule (or the BGK-type model equation) fails to capture the phenomenon of the gas separation in the device. This
presents a remarkable contrast to the capability of the other fundamental model, the hard-sphere molecule, even though this model
exaggerates the phenomenon to some extent.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Recent development of the micro-device engineering requires the precise description of gas flows in microscale
systems. In microscale systems, the mean free path of gas molecules is comparable to the system scale, so that the
gas in the system is no longer in a local equilibrium state and its behaviour cannot be described correctly by the
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conventional gas dynamics. The description on the basis of the kinetic theory (the Boltzmann system), which has been
developed mainly aiming at the study of gas flows at low pressures, is inevitable.

One of the most classical but important findings by the kinetic theory is that a steady gas flow can be induced by
a thermal effect even without external forces at low pressures or in microscale systems. The representative example
of such flow is the thermal transpiration [1–3]. This is a flow induced in a channel (or a pipe) with a gradient of
temperature along its surface. This phenomenon of low pressure gases (or gases in microscale systems) suggests that,
by connecting two tanks with a very fine tube with a gradient of temperature, one can transport a certain amount
of gas from one to the other. That is, the fine tube with a temperature gradient has a pumping effect. However, in
order to increase the effect, it is required to give a steeper gradient of temperature or to make the tube longer. Both
requirements lead to an unlimitedly large difference of temperature in the tube, yielding a severe limitation for the
practical use of this simple device.

As early as 1910, an improvement of the above simple idea was proposed by Knudsen [2]. In place of a simple
tube with a temperature gradient, Knudsen made a device of periodic structure, which is nowadays called the Knudsen
compressor. It is a series of the connection of a narrow and a thick glass tube, equipped with a heater at every other
junction. By using this device, he achieved the pressure difference of about 10 by experiment, avoiding the unlimited
increase of temperature in the device. However, his pioneering work has not been paid attention to for a long time.
It is only in the middle of 90’s that the modern kinetic researches on the thermally-driven pump were initiated by
the rediscovery of the Knudsen compressor [4,5]. Since then, the Knudsen compressor and its variants have been
intensively studied (e.g., Refs. [6–10] and the references in the next paragraph) mainly in two research groups, the
groups in Kyoto and in Los Angeles.

In Kyoto group, since Ref. [5], the pumps making use of the kinetic thermal effect have been studied both theo-
retically and experimentally [11–18]. The prototype of the Knudsen compressor proposed by this group is shown in
Fig. 1. In Refs. [13,19], the Knudsen compressor with the narrow tube being replaced by the thick one with shelves is
shown to have a pumping effect too. The prototype in the figure is the improved version of the Knudsen compressor
aiming at the synergistic effect of two types of geometry. In the same group, a new type of thermally-driven pump
making use of the thermal edge flow [20,21] was invented recently by Sugimoto and Sone [17] (the thermal edge
pump). In the meantime, a new theoretical approach to the study of thermal pumps was proposed by Aoki and Degond
[16], in which a diffusive fluid-dynamic model is derived for the description of the gas behaviour in the Knudsen com-
pressor. Although the analysis in this reference is carried out by the use of a simplified BGK-type relaxation model,
the extension to the original Boltzmann system is also possible [18].

In viewing the literature on the Knudsen compressor and its variants, it would appear that the studies done so far
aim at the research of pumping effect and the analyses were naturally limited to the case of a single-species gas. As
a matter of course, the same pumping effect is observed for a gas mixture. However, if one thinks of this case a little
carefully, one would notice a new interesting possibility of the devices. It is a possibility as a gas separator. Recently
Kosuge, Sato, Takata and Aoki [22] carried out accurate numerical analyses of three elemental flows of a binary
gas mixture in a two-dimensional channel, i.e., the pressure-gradient-driven flow (Poiseuille flow), the temperature-
gradient-driven flow (thermal transpiration) and the concentration-gradient-driven flow, on the basis of the original
Boltzmann equation for hard-sphere molecules and clarified the comprehensive feature of the flows for a wide range
of the Knudsen numbers. Observation of the results, as well as those in the references in Ref. [22], shows that the

Fig. 1. Conceptual schematic of the prototype Knudsen compressor.
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particle flux of each species is different from each other in rarefied gas regime, so is the transport rate of each species.
This means, as is explicitly mentioned in Sharipov and Kalempa [23], that at the outlet one can take a mixture of
different composition from that at the inlet. Motivated by this observation, in the present work, we shall investigate
the possibility of the Knudsen compressor as a gas separator. We shall employ here the approach proposed by Aoki
and Degond [16,18]. Recently, we found a patent [24] about the idea of the device designed for the compression and
separation of gases, which is essentially the same as the Knudsen compressor. However, the present work would be
the first quantitative study on the performance of the Knudsen compressor as a gas separator.

The paper is organized as follows. Following the recipe in Ref. [16], we first consider in Section 2 the mixture in
a straight two-dimensional channel of uniform width, formulate the problem at the microscopic level on the basis of
the kinetic theory of gases and derive a fluid-dynamic model for the description of the mixture in this channel. Then
in Section 3 we consider the junction problem of the channels of different widths and derive the connection condition
at the junction for the fluid-dynamic model. With the aid of the results in these sections, we present in Section 4 the
fluid-dynamic model for the Knudsen compressor. We demonstrate the performance of the device as a gas separator
by numerical simulations of this model in Section 5.

2. Fluid-dynamic model in a straight two-dimensional channel of uniform width

2.1. Problem and assumption

Consider a binary mixture of two-species gases, say species A and species B, in a straight two-dimensional channel
of uniform width oriented to the direction of X1, where Xi ’s are the Cartesian space coordinates (Fig. 2). The side
walls of the channel are separated by a distance D and are located at X2 = ±D/2. The temperatures of the walls may
vary along the channel, i.e., in the direction of X1, but are constant both in time t and in coordinate X3. They are
supposed to take a common value at the same location in X1 and will be denoted by Tw(X1). There is no external
force. We will investigate the behaviour of the mixture in the channel by assuming that

(i) The behaviour of the mixture can be described by the Boltzmann equation for binary gas mixtures.
(ii) The gas molecules are reflected diffusely on the surface of the walls.

(iii) The characteristic length of the variation of the wall temperature, L, is much larger than the separation distance
of the walls (the width of channel), D.

Before preceding further, we shall make two remarks on the assumptions above. Firstly, since we consider the
problem by the use of the Boltzmann system, the mean free path of a molecule � is supposed to be comparable to
the separation distance of the walls D, i.e., � ∼ D. Secondly, because of the assumption (iii), the state of the mixture
would vary in the scale of L, not of D, in the direction of X1. As a result, since � ∼ D � L, the molecules undergo
innumerable collisions with both other molecules and the walls when travelling in that direction until its surroundings
change meaningfully. This is the clue idea in deriving the fluid-dynamic model in Section 2 (see also, for example,
Refs. [25–29]).

Fig. 2. Schematic of the straight two-dimensional channel of uniform width.
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2.2. Basic equations and boundary conditions

Let us denote by ξ = (ξ1, ξ2, ξ3) the molecular velocity and by f α(t,X, ξ) the velocity distribution function of
molecules of α-species gas (α = A,B). In the sequel, the Greek letters α and β will be symbolically used to denote
the gas species, i.e., {α,β} = {A,B}. Then, in the present problem, the Boltzmann equation and the boundary condition
on the side walls can be written as

∂f α

∂t
+ ξ1

∂f α

∂X1
+ ξ2

∂f α

∂X2
= J Bα

(
f B, f α

) + J Aα
(
f A, f α

)
, (1a)

f α = σ2±
(

f α(ξ); mα

2kTw

)
M

(
ξ ; mα

2kTw

)
, ξ2 ≶ 0, X2 = ±D

2
, (1b)

where mα is the mass of a molecule of species α, k the Boltzmann constant, σ2± a constant (in ξ ) depending on the
arguments defined by

σi±
(
f (ξ );a) = ±2(πa)1/2

∫
ξi≷0

ξif (ξ)d3ξ (i = 1,2),

with d3ξ = dξ1 dξ2 dξ3 and M the normalized Maxwellian given by

M(ξ ;a) =
(

a

π

)3/2

exp
(−a|ξ |2).

In Eq. (1b), the argument ξ of f α is explicitly shown in order to indicate the variable of integration in the definition
of σ2±, while the other arguments t , X1 and X2 are suppressed for conciseness. We shall follow this convention in the
sequel. Jβα’s in Eq. (1a) are the collision integrals defined by

Jβα(f, g) =
∫

(f ′∗g′ − f∗g)Bβα

( |e · V |
|V | , |V |

)
dΩ(e)d3ξ∗, (2a)

f ′∗ = f (ξ ′∗), g′ = g(ξ ′), f∗ = f (ξ∗), g = g(ξ), (2b)

ξ ′ = ξ + μβα

mα
(e · V )e, ξ ′∗ = ξ∗ − μβα

mβ
(e · V )e, (2c)

μβα = 2mαmβ

mα + mβ
, V = ξ∗ − ξ , (2d)

where e is a unit vector, dΩ(e) the solid angle element in the direction of e and d3ξ∗ = dξ∗1 dξ∗2 dξ∗3. Bβα is a non-
negative function of its arguments whose functional form is determined by the molecular interaction between species
β and α. It has the symmetry property of BBA = BAB because of the law of action and reaction. The integration in
Eq. (2a) is carried out over the all directions of e and over the whole space of ξ∗. The initial- and boundary-value
problem for the binary gas mixture in the channel is formulated by Eq. (1) supplemented by an initial condition.

For the later convenience, we introduce some macroscopic quantities. The molecular number density nα , mass
density ρα , flow velocity vα = (vα

1 , vα
2 ,0), pressure pα and temperature T α of α-species gas are defined as

nα =
∫

f α d3ξ, ρα = mαnα, nαvα
i =

∫
ξif

α d3ξ (i = 1,2), (3)

pα = nαkT α = 1

3

∫ ∣∣ξ − vα
∣∣2

mαf α d3ξ, (4)

where, and in the sequel unless otherwise stated, the domain of integration is the whole space of ξ (or of the variable
of integration). The counterparts of the mixture, i.e., the molecular number density n, mass density ρ, mass average
velocity v = (v1, v2,0), pressure p and temperature T , are expressed by a proper combination of the quantities above
as

n = nA + nB, ρ = ρA + ρB, ρv = ρAvA + ρBvB, (5)

p = nkT =
∑ (

pα + 1

3
ρα

∣∣v − vα
∣∣2

)
. (6)
α=A,B
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In the sequel, we also use the concentration (or the molar fraction) χα of α-species gas defined by

χα = nα/n. (7)

Note that χA + χB = 1 by definition.

2.3. Scaling and dimensionless description

As is briefly described at the end of Section 2.1, the state of the mixture is expected to vary in the X1-direction in
the scale of L, while it varies in much smaller scale, the scale of D, in the X2-direction, because of the assumption
(iii). We shall consider such a solution of the Boltzmann system (1). We start with the physical discussions on the
estimate of the time scale of variation.

In the present situation, the behaviour of the solution is expected to be well described fluid-dynamically in the
direction of X1, because L � D ∼ �, i.e., �/L � 1. The Mach number of the flow Ma thermally induced by the
kinetic effect is of O(�/L). Therefore it is natural to take the quantity L2/cD with c being the sound speed as the time
scale of variation because of the relation

time scale = characteristic length

representative flow speed
= L

c Ma
= O

(
L2

c �

)
∼ O

(
L2

cD

)
.

It should be noted that the Mach number of O(�/L) implies the Reynolds number is of O(1) because of the so-called
von Karman relation [30,19] Ma ∼ Re Kn, where Kn = �/L and Re is the Reynolds number.

Keeping in mind the estimate above, we introduce the following dimensionless variables:

s = t/t∗, x1 = X1/L, x2 = X2/D∗, ζ = ξ/
(
2kT∗/mA)1/2

,

f̂ α = f α/
[
n∗

(
2kT∗/mA)−3/2]

,
(
n̂α, n̂

) = (
nα,n

)
/n∗,(

ρ̂α, ρ̂
) = (

ρα,ρ
)
/n∗mA,

(
v̂α

, v̂
) = (

vα,v
)
/
(
2kT∗/mA)1/2

,(
p̂α, p̂

) = (
pα,p

)
/p∗,

(
T̂ α, T̂

) = (
T α,T

)
/T∗, T̂w = Tw/T∗,

where n∗ is the reference molecular number density, T∗ the reference temperature, p∗ the reference pressure defined
by p∗ = n∗kT∗ and

t∗ = L2

(2kT∗/mA)1/2D∗
.

The references n∗ and T∗ are to be chosen in a certain proper manner. In the above, the coordinate X2 is made
dimensionless by the factor D∗ instead of D itself. The former is different from the latter by a factor of a, i.e.,
a = D/D∗, that is supposed to be a positive constant of O(1). This choice of reference length is simply for the
convenience of the later discussions on the connection of channels of different widths. For the time being, if prefer,
one may put D∗ = D or a = 1. Further, we introduce the following dimensionless quantities:

ε = D∗/L, m̂α = mα/mA, Kβα = B
βα∗ /BAA∗ , K∗ = �∗/D∗,

where

�∗ = 1

n∗BAA∗

√
2kT∗
mA

, (8)

B
βα∗ =

√
π

2

∫
M

(
ξ∗;

mβ

2kT∗

)
M

(
ξ ; mα

2kT∗

)
Bβα

( |e · V |
|V | , |V |

)
dΩ(e)d3ξ∗ d3ξ. (9)

Here �∗ is the reference mean free path of a molecule and K∗ is the corresponding reference Knudsen number.
With the dimensionless quantities introduced above, the original Boltzmann system is reformulated as

ε2∂sf̂
α + ε ζ1∂x1 f̂

α + ζ2∂x2 f̂
α = 1

K∗

∑
β=A,B

KβαĴ βα
(
f̂ β , f̂ α

)
, (10a)

f̂ α = σ2±
(

f̂ α(ζ ); m̂α

̂
)

M

(
ζ ; m̂α

̂
)

, ζ2 ≶ 0, x2 = ±a
, (10b)
Tw Tw 2
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where

Ĵ βα(f, g) =
∫

(f ′∗g′ − f∗g)bβα

( |e · V̂ |
|V̂ | , |V̂ |

)
dΩ(e)d3ζ∗, (11a)

f ′∗ = f (ζ ′∗), g′ = g(ζ ′), f∗ = f (ζ ∗), g = g(ζ ), (11b)

ζ ′ = ζ + μ̂βα

m̂α

(
e · V̂ )

e, ζ ′∗ = ζ ∗ − μ̂βα

m̂β

(
e · V̂ )

e, (11c)

μ̂βα = 2m̂αm̂β

m̂α + m̂β
, V̂ = ζ ∗ − ζ , bβα = Bβα

B
βα∗

. (11d)

Here again, the system (10) must be supplemented by a dimensionless initial condition. The definitions of the macro-
scopic quantities (3)–(7) are transformed into the following:

n̂α =
∫

f̂ α d3ζ, ρ̂α = m̂αn̂α, n̂αv̂α
i =

∫
ζi f̂

α d3ζ (i = 1,2), (12)

p̂α = n̂αT̂ α = 2

3

∫ ∣∣ζ − v̂α
∣∣2

m̂αf̂ α d3ζ, (13)

and

n̂ = n̂A + n̂B, ρ̂ = ρ̂A + ρ̂B, χα = n̂α/n̂, (14)

ρ̂v̂ = ρ̂Av̂A + ρ̂Bv̂B
, p̂ = n̂T̂ =

∑
α=A,B

(
p̂α + 2

3
ρ̂α

∣∣v̂α − v̂
∣∣2

)
. (15)

It should be noted that ε is a small parameter from the assumption (iii) in Section 2.1 and that it arises in the first
two terms of the left-hand side of the scaled Boltzmann equation (10a). We shall seek the solution of the system (10)
in a power series of ε in the next subsection.

Remark 1. The integral in the right-hand side of Eq. (9) does not remain finite in general. In the case, in the dimen-
sionless formulation, in place of B

βα∗ ’s defined by Eq. (9), one should use as B
βα∗ ’s those constants that are chosen

properly and satisfy the symmetry property BAB∗ = BBA∗ . See Appendices A.2.2–A.2.4 for specific examples.

2.4. Asymptotic analysis and fluid-dynamic model

In the present section, aiming at deriving the fluid-dynamic model for the flow of gas mixtures in the channel, we
shall seek the solution f̂ α to the system (10) in a power series of ε:

f̂ α = f̂ α
(0) + f̂ α

(1)ε + · · · .
Substituting this expansion into the system (10) and equating like powers of ε lead to a series of boundary-value
problems for f̂ α

(0), f̂
α
(1), . . . :

O(ε0)

ζ2∂x2 f̂
α
(0) = 1

K∗

∑
β=A,B

KβαĴ βα
(
f̂

β

(0), f̂
α
(0)

)
, (16a)

f̂ α
(0) = σ2±

(
f̂ α

(0)(ζ ); m̂α

T̂w

)
M

(
ζ ; m̂α

T̂w

)
, ζ2 ≶ 0, x2 = ±a

2
, (16b)

O(ε1)

ζ1∂x1 f̂
α
(0) + ζ2∂x2 f̂

α
(1) = 1

K∗

∑
β=A,B

Kβα
[
Ĵ βα

(
f̂

β

(0), f̂
α
(1)

) + Ĵ βα
(
f̂

β

(1), f̂
α
(0)

)]
, (17a)

f̂ α
(1) = σ2±

(
f̂ α

(1)(ζ ); m̂α

̂
)

M

(
ζ ; m̂α

̂
)

, ζ2 ≶ 0, x2 = ±a
, (17b)
Tw Tw 2
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O(ε2)

∂s f̂
α
(0) + ζ1∂x1 f̂

α
(1) + ζ2∂x2 f̂

α
(2) = 1

K∗

∑
β=A,B

Kβα
[
Ĵ βα

(
f̂

β

(0), f̂
α
(2)

) + Ĵ βα
(
f̂

β

(2), f̂
α
(0)

) + Ĵ βα
(
f̂

β

(1), f̂
α
(1)

)]
, (18a)

f̂ α
(2) = σ2±

(
f̂ α

(2)(ζ ); m̂α

T̂w

)
M

(
ζ ; m̂α

T̂w

)
, ζ2 ≶ 0, x2 = ±a

2
, (18b)

and so on. This series of problems can be solved from the lowest order.
Corresponding to the expansion of f̂ α , we expand the macroscopic quantities as

n̂α = n̂α
(0) + n̂α

(1)ε + · · · , T̂ α = T̂ α
(0) + T̂ α

(1)ε + · · · , etc.

The expressions of the coefficient functions n̂α
(0), n̂α

(1), T̂ α
(0), T̂ α

(1), etc. in terms of f̂ α
(0), f̂ α

(1), etc. are obtained by substi-
tuting the expansions into Eqs. (3)–(7) and by equating like powers of ε. We omit these expressions for conciseness.

Remark 2. The original initial- and boundary-value problem is reduced to a series of boundary-value problems.
Consequently, as will be shown in Section 2.4.1, f̂ α

(0) is the bi-Maxwellian given by Eq. (19), and thus the initial data
must be of this form . This is due to the time scaling introduced in Section 2.3. If the initial data of different form
are given, they evolve into the bi-Maxwellian in a very short time of O(ε2), with keeping the number densities of
individual species averaged in each cross section unchanged. The present analysis is intended to study the evolution
after this initial short-time period.

2.4.1. The solution f̂ α
(0) of the problem (16)

The system (16) is a boundary-value problem for f̂ α
(0), in which s and x1 occur as parameters. The solution f̂ α

(0) of
this problem can be shown to be the following bi-Maxwellian independent of x2:

f̂ α
(0) = n̂α

(0)(s, x1)M

(
ζ ; m̂α

T̂w(x1)

)
= n̂α

(0)(s, x1)

(πT̂w(x1)/m̂α)3/2
exp

(
− m̂α|ζ |2

T̂w(x1)

)
. (19)

The proof is a straightforward extension of that in Ref. [31] to gas mixtures and is omitted here. From Eq. (19), the
coefficient functions n̂α

(0), p̂α
(0), etc. at O(ε0) are independent of x2; in particular, the following relations hold:

v̂α
(0) = v̂(0) = 0, T̂ α

(0) = T̂(0) = T̂w(x1).

The first relation is due to the scaling discussed in the second paragraph of Section 2.3 (note that ε ∼ �/L). The second
relation yields the following expressions for p̂α

(0) and p̂(0):

p̂α
(0) = n̂α

(0)T̂w, p̂(0) = n̂(0)T̂w.

Remark 3. In the expression (19), n̂α
(0)’s remain undetermined quantities. In Sections 2.4.2 and 2.4.3, we will proceed

to the problem (17) at the first order and the problem (18) at the second order to derive the fluid-dynamic model
describing their behaviour.

2.4.2. The solution f̂ α
(1) of the problem (17)

The system (17) is a boundary-value problem for the inhomogeneous linear integro-differential equation for f̂ α
(1).

We introduce the new notation

y = x2

a
, φα(s, x1, y, c) = f̂ α

(1)

n̂(0)M(ζ ; m̂α/T̂w)
, c = ζ√

T̂w

,

and transform the system into that for φα . Taking into account Eq. (19), the relation χα
(0) = n̂α

(0)/n̂(0) and the en-

ergy conservation during molecular collisions (m̂α|ζ |2 + m̂β |ζ ∗|2 = m̂α|ζ ′|2 + m̂β |ζ ′∗|2), we obtain the following
boundary-value problem for the inhomogeneous linearized Boltzmann equation for φα :
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c2∂yφ
α = an̂(0)

K∗

∑
β=A,B

KβαL
βα

T̂w

(
χα

(0)φ
β,χ

β

(0)φ
α
)

− aχα
(0)c1

[
∂x1 p̂(0)

p̂(0)

+ ∂x1χ
α
(0)

χα
(0)

+
(

m̂α|c|2 − 5

2

)
∂x1 T̂w

T̂w

]
, (20a)

φα = σ2±
(
φα(c)M

(
c; m̂α

); m̂α
)
, c2 ≶ 0, y = ±1

2
, (20b)

where

Lβα
τ (f, g) =

∫ (
f ′∗ + g′ − f∗ − g

)
M

(
c∗; m̂β

)
bβα
τ

( |e · C|
|C| , |C|

)
dΩ(e)d3c∗, (21a)

f ′∗ = f (c′∗), g′ = g(c′), f∗ = f (c∗), g = g(c), (21b)

c′ = c + μ̂βα

m̂α
(e · C)e, c′∗ = c∗ − μ̂βα

m̂β
(e · C)e, (21c)

C = c∗ − c, bβα
τ

( |e · C|
|C| , |C|

)
= 1√

τ
bβα

( |e · C|
|C| ,

√
τ |C|

)
. (21d)

It should be noted that here again s and x1 occur as parameters in the problem. If we split the solution φα into even
and odd parts with respect to c1 as φα = φα

even + φα
odd, each part can be expressed as

φα
even(s, x1, y, c) = φα

e

(
y, c;K(s, x1, a),χA

(0)(s, x1), T̂w(x1)
)
,

φα
odd(s, x1, y, c) = aφα

P

(
y, c;K(s, x1, a),χA

(0)(s, x1), T̂w(x1)
)
∂x1 ln p̂(0)

+ aφα
T(y, c;K(s, x1, a),χA

(0)(s, x1), T̂w(x1))∂x1 ln T̂w

+ aφα
χ

(
y, c;K(s, x1, a),χA

(0)(s, x1), T̂w(x1)
)
∂x1χ

A
(0),

where K is the local Knudsen number defined by

K(s, x1, a) = K∗
an̂(0)(s, x1)

= K∗T̂w(x1)

ap̂(0)(s, x1)
,

and φα
e and φα

J (J = P,T, χ ) are the solutions of the following boundary-value problems:

c2∂yφ
α
e = 1

K

∑
β=A,B

KβαL
βα

T̂w

(
χα

(0)φ
β
e , χ

β

(0)φ
α
e

)
, (22a)

φα
e = σ2±

(
φα

e (c)M
(
c; m̂α

); m̂α
)
, c2 ≶ 0, y = ±1

2
, (22b)

and

c2∂yφ
α
J = 1

K

∑
β=A,B

KβαL
βα

T̂w

(
χα

(0)φ
β
J ,χ

β

(0)φ
α
J

) − Iα
J , (23a)

φα
J = 0, c2 ≶ 0, y = ±1

2
, (23b)

with Iα
J being the following:

Iα
P = c1χ

α
(0), IA

χ = c1, IB
χ = −c1, Iα

T = χα
(0)c1

(
m̂α|c|2 − 5

2

)
.

The solution φα
e of the problem (22) can be shown to be independent of both y and ci

φα
e = φα

e (s, x1).

The proof is omitted here for conciseness. (The proof relies on the non-positivity of the linearized collision operator;
see Ref. [32] and Appendix A.12 in Ref. [29].) On the other hand, φα , φα and φα

χ are, respectively, the solutions for the
P T
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three elemental flow problems: the flow caused by the pressure gradient (Poiseuille flow), the flow by the temperature
gradient (thermal transpiration) and the flow by the concentration gradient. (See, for instance, Ref. [22].)

To summarize, f̂ α
(1) can be expressed in terms of the solutions of elemental problems φα

e , φα
P , φα

T and φα
χ , as

f̂ α
(1) = n̂(0)M

(
ζ ; m̂α

T̂w

)(
φα

e

(
x2/a, ζ/

√
T̂w;K(s, x1, a),χA

(0)(s, x1), T̂w(x1)
)

+ aφα
P

(
x2/a, ζ/

√
T̂w;K(s, x1, a),χA

(0)(s, x1), T̂w(x1)
)
∂x1 ln p̂(0)

+ aφα
T

(
x2/a, ζ/

√
T̂w;K(s, x1, a),χA

(0)(s, x1), T̂w(x1)
)
∂x1 ln T̂w

+ aφα
χ

(
x2/a, ζ/

√
T̂w;K(s, x1, a),χA

(0)(s, x1), T̂w(x1)
)
∂x1χ

A
(0)

)
. (24)

From this result, the following expressions of the coefficient functions of the macroscopic quantities at the first order
of ε are obtained:

n̂α
(1) = n̂(0)

∫
φα

e M
(
c; m̂α

)
d3c = n̂(0)φ

α
e , (25)

n̂α
(0)v̂

α
1(1) = a n̂(0)

√
T̂w

(
uα

P∂x1 ln p̂(0) + uα
T∂x1 ln T̂w + uα

χ∂x1χ
A
(0)

)
, (26)

uα
J =

∫
c1φ

α
J (c)M

(
c; m̂α

)
d3c (J = P,T, χ), (27)

v̂α
2(1) = v̂α

3(1) = T̂ α
(1) = 0. (28)

2.4.3. The problem (18) and the fluid-dynamic model
The system (18) is a boundary-value problem for the inhomogeneous linear integro-differential equation for f̂ α

(2).
Here we are not going to solve this problem. Instead, by considering the particle conservation of each species, we
shall derive a set of fluid-dynamic equations describing the behaviour of n̂α

(0)
’s. The resulting set of equations provides

a one-dimensional fluid-dynamic model for the gas mixture in the channel.
We first integrate Eq. (18a) with respect to ζ in its whole space and with respect to x2 from −a/2 to a/2 to have

a∂sn̂
α
(0) + ∂x1

a/2∫
−a/2

n̂α
(0)v̂

α
1(1) dx2 +

[∫
ζ2f̂

α
(2) d3ζ

]x2=a/2

x2=−a/2
= 0,

where the facts that the contribution of collision terms vanishes in the first integration because of their basic property
and that n̂α

(0) is independent of x2 have been taken into account. This relation represents the particle conservation for
species α in the channel. It should be noted that the last term on the left-hand side vanishes because of the boundary
condition (18b). Substituting Eq. (26) into the second term and using the relation between y and x2, we arrive at

∂sn̂
α
(0) + ∂x1J α = 0,

J α = a
(
Mα

P∂x1 ln p̂(0) +Mα
T∂x1 ln T̂w +Mα

χ∂x1χ
A
(0)

) p̂(0)√
T̂w

,

where

Mα
J

(
K, χA

(0), T̂w
) =

1/2∫
−1/2

uα
J dy (J = P,T, χ).

The physical meaning of J α is the particle flux Nα
f of species α through the channel nondimensionalized by the

factor of n∗D ε (2kT∗/mA)1/2. Since p̂(0) (or n̂(0)) and χA
(0)

can be expressed in terms of n̂α
(0)

’s, this is a closed set of

equations for n̂A
(0) and n̂B

(0). After some manipulations, we finally obtain the following closed set of equations for p̂(0)

and χA :

(0)
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∂sp̂(0)χ
A
(0) + T̂w∂x1J A = 0, (29a)

∂sp̂(0) + T̂w∂x1J = 0, (29b)

where

J = J A +J B = a
(
MP∂x1 ln p̂(0) +MT∂x1 ln T̂w +Mχ∂x1χ

A
(0)

) p̂(0)√
T̂w

,

MJ = MA
J +MB

J (J = P,T, χ).

Eq. (29) is a set of convection–diffusion-type fluid-dynamic equations with MP, MT, etc. being the diffusion coeffi-
cients and with the convection due to the gradient of temperature. We call this set the (one-dimensional) fluid-dynamic
model in the straight two-dimensional channel.

Remark 4. In order to obtain the diffusion coefficients MP, MT, etc. explicitly to complete Eq. (29), the analyses
of the linearized problem (23) for the three elemental flows are necessary. Since the problems cannot be solved
analytically, one has to construct a numerical database that yields, instantaneously, the values of those coefficients for
arbitrary values of the parameters K, χA

(0) and T̂w. In the present work, such a database is constructed by the use of
model Boltzmann equations (see Appendix A).

Remark 5. The diffusion coefficients MP, MT, etc. diverge with the rate of ln K as K → ∞ [33–35]. This cor-
responds to the fact that, in the free-molecular limit, the appropriate time scale is not t∗ in Section 2.3 but rather
t∗/ ln(L/D∗). This is mathematically shown in Refs. [36] and [37] in the case of single-species gases. Incidentally, in
the case of the flows in a pipe, the appropriate time scale is always t∗ with D∗ being the internal (or external) diameter,
irrespective of the value of K. Mathematical discussions on the description of diffusion process in the free-molecular
limit was started for this case in Refs. [38] and [39].

3. Junction of the channels of different uniform widths

In this section, we shall consider the gas mixture in the channel composed of two elemental channels of different
uniform widths. The flow in the channel is no longer unidirectional. However, as far as the widths of channels are
small enough compared to the characteristic length of variation of the wall temperature, the influence of the junction
is expected to be limited near there, because the Reynolds number is of O(1), and the overall behaviour of the mixture
in each elemental channel can be described by the fluid-dynamic model derived in Section 2. We shall derive the
connection condition at the junction for this model.

For simplicity, we shall first discuss, in Section 3.1, the problem in the case where the elemental channels are
connected with sharing the centre line and derive the connection condition for this simplest case. Then, in Section 3.2,
we briefly describe the extension of the result to more general cases.

3.1. Junction problem for two elemental channels sharing the centre line

Consider a binary gas mixture in the channel composed of two elemental channels, say element I and element II,
of different uniform widths connected at X1 = 0 with sharing the centre line (Fig. 3). The width DI of element I is

Fig. 3. Schematic of the junction of two elemental channels sharing the centre line.
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smaller than that of element II, DII. The temperature Tw of the channel walls is kept constant in time and depends only
on X1, i.e., Tw(X1). At the junction (X1 = 0), the temperature Tw is continuous, but its gradient may be discontinuous
in general. We assume that in each element the behaviour of the gas mixture can be described by the Boltzmann
equation and the velocity distribution function is continuous at the junction. We also assume the diffuse reflection
boundary condition on the walls.

By the use of the same reference quantities as in Section 2.3, we have the dimensionless description of the problem
in the following form: for x1 ≶ 0

ε2∂sF
α + εζ1∂x1F

α + ζ2∂x2F
α = 1

K∗

∑
β=A,B

KβαĴ βα
(
Fβ,Fα

)
, (30a)

Fα = σ2±
(

Fα(ζ ); m̂α

T̂w

)
M

(
ζ ; m̂α

T̂w

)
, ζ2 ≶ 0, x2 = ±aJ

2
, (30b)

and at the junction (x1 = 0)

Fα = σ1−
(

Fα(ζ ); m̂α

T̂w

)
M

(
ζ ; m̂α

T̂w

)
, ζ1 > 0,

aI

2
< |x2| < aII

2
, (31a)

Fα(s, x1 = 0−, x2, ζ ) = Fα(s, x1 = 0+, x2, ζ ), |x2| < aI

2
, (31b)

where J = I for x1 < 0 and J = II for x1 > 0 in Eq. (30b) and

aI = DI/D∗, aII = DII/D∗.

Here, we denote the dimensionless distribution function by Fα in order to avoid the confusion with the solution f̂ α

of the problem in Section 2.
As is readily seen, f̂ α

(0) solves the problem (30) and (31) with ε being zero if n̂α
(0)(s, x1 = 0−) = n̂α

(0)(s, x1 = 0+),
or equivalently

p̂(0)(s, x1 = 0−) = p̂(0)(s, x1 = 0+), (32a)

χA
(0)(s, x1 = 0−) = χA

(0)(s, x1 = 0+). (32b)

That is, as far as the order of ε0 is concerned, one can construct the solution of the present problem by the solution of
the problem in Section 2 with the continuity condition (32). However, if one proceeds to the order of ε, the same is not
true because f̂ α

(1) does not satisfy the diffuse reflection condition at the junction [see Eq. (31a)]. We have to introduce

the correction gα to f̂ α and represent the solution Fα in the form

Fα = f̂ α + gα. (33)

Here the correction function gα is supposed to change rapidly in x1, i.e., ∂x1g
α = O(gα)/ε, and to be appreciable only

in the vicinity of the junction. As in Section 2.4, we expand gα in a power series of ε. Since f̂ α
(0) solves the problem

at the zero-th order, this expansion starts from the first order:

gα = gα
(1)ε + gα

(2)ε
2 + · · · .

Substituting Eq. (33) with the expansions of f̂ α and gα into Eqs. (30) and (31) and equating like powers of ε lead
to a series of boundary-value problems for gα

(1), gα
(2), . . .. With the stretched coordinate z defined by z = x1/ε, the

boundary-value problem for gα
(1) can be described as follows: for z ≶ 0

ζ1∂zg
α
(1) + ζ2∂x2g

α
(1) = 1

K∗

∑
β=A,B

Kβα
[
Ĵ βα

(
f̂

β

(0)±, gα
(1)

) + Ĵ βα
(
g

β

(1), f̂
α
(0)±

)]
, (34a)

gα
(1) = σ2±

(
gα

(1)(ζ ); m̂α

T̂w(0)

)
M

(
ζ ; m̂α

T̂w(0)

)
, ζ2 ≶ 0, x2 = ±aJ

2
, (34b)

at the junction (z = 0)
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gα
(1) = σ1−

(
gα

(1)(ζ ) + f̂ α
(1)+(ζ ); m̂α

T̂w

)
M

(
ζ ; m̂α

T̂w

)
− f̂ α

(1)+, ζ1 > 0,
aI

2
< |x2| < aII

2
, (35a)

gα
(1)(s, z = 0−, x2, ζ ) + f̂ α

(1)− = gα
(1)(s, z = 0+, x2, ζ ) + f̂ α

(1)+, |x2| < aI

2
, (35b)

and at a far distance from the junction (|z| → ∞)

gα
(1) → 0, (36)

where J = I for z < 0 and J = II for z > 0 in Eq. (34b) and f̂ α
(0)± and f̂ α

(1)± represent their values at x1 = 0±. In

Eq. (34a), f̂ α
(0)+ is for z > 0 and f̂ α

(0)− for z < 0. It should be noted that in Eq. (34b), as well as in Eq. (35a), T̂w denotes
the dimensionless temperature at the junction (x1 = 0). In the rest of the paper, we admit the existence of the solution
of the problem (34)–(36) and simply examine the necessary condition for the solution to exist. As will be clear from
the derivation below, the necessary condition is essentially the particle conservation; and it provides, together with the
continuity condition (32), the connection condition at the junction for the fluid-dynamic model.

We start with integrating Eq. (34) with respect to ζ in its whole space and with respect to x2 from −aI/2 to aI/2
for z < 0 and from −aII/2 to aII/2 for z > 0 to have

∂z

aI/2∫
−aI/2

∫
ζ1g

α
(1) d3ζ dx2 = 0, z < 0,

∂z

aII/2∫
−aII/2

∫
ζ1g

α
(1) d3ζ dx2 = 0, z > 0.

Here the property of the collision terms and the diffuse reflection condition (34b) have been taken into account in the
first and second integrations, respectively. The resulting equations, with the aid of the condition (36), lead to

aI/2∫
−aI/2

∫
ζ1g

α
(1)(s, z = 0−, x2, ζ )d3ζ dx2 = 0, (37a)

aII/2∫
−aII/2

∫
ζ1g

α
(1)(s, z = 0+, x2, ζ )d3ζ dx2 = 0. (37b)

In the meantime, from condition (35), gα
(1) must satisfy∫

aI/2<|x2|<aII/2

∫
ζ1

[
gα

(1)(s, z = 0+, x2, ζ ) + f̂ α
(1)+

]
d3ζ dx2 = 0, (38)

and
aI/2∫

−aI/2

∫
ζ1

[
gα

(1)(s, z = 0−, x2, ζ ) + f̂ α
(1)−

]
d3ζ dx2 =

aI/2∫
−aI/2

∫
ζ1

[
gα

(1)(s, z = 0+, x2, ζ ) + f̂ α
(1)+

]
d3ζ dx2. (39)

Combining the conditions (37)–(39) all together, we have
aI/2∫

−aI/2

∫
ζ1f̂

α
(1)− d3ζ dx2 =

aII/2∫
−aII/2

∫
ζ1f̂

α
(1)+ d3ζ dx2,

which is finally reduced to

aIJ A(s, x1 = 0−) = aIIJ A(s, x1 = 0+), (40a)

aIJ (s, x1 = 0−) = aIIJ (s, x1 = 0+). (40b)

The set of Eqs. (32) and (40) is the connection condition for the fluid-dynamic model (29) at the junction.



S. Takata et al. / European Journal of Mechanics B/Fluids 26 (2007) 155–181 167
Fig. 4. Schematic of junctions in general cases. (a) Junction of two elemental channels. (b) Junction of multiple narrow channels and one wide
channel in the case of N = 3. Dimensionless notation is used in the figure.

3.2. Connection condition for more general cases

In Section 3.1, we have derived the connection condition at the junction in the case where two elemental channels
share the centre line. We shall first remove this restriction and consider the connection condition at the junction of
two elemental channels not necessarily sharing the centre line, as depicted in Fig. 4(a). This extension can be readily
done, in a way parallel to the analysis in Section 3.1, to conclude that the connection condition, Eqs. (32) and (40),
remains unchanged. This is due to the fact that n̂α

(0) does not depend on x2 and that Eq. (40) comes from the property
of the quantity integrated with respect to x2 over each elemental channel.

Next we consider the case where N elemental narrow channels are connected to one elemental thick channel at
x1 = 0, as depicted in Fig. 4(b). We number the elements in x1 < 0 from 1 to N and denote the dimensionless width of
the i-th element by ai (i = 1, . . . ,N ), while we call the element in x1 > 0 the element II and denote its dimensionless
width by aII. The independence of the connection condition on the position in x2 in the previous paragraph provides
a clear perspective for the extension to this case. In fact, assuming a1 + · · · + aN � aII, the extension of the discus-
sion in Section 3.1 yields the following connection condition, which is a natural and simple extension of Eqs. (32)
and (40):

p̂(0)(s, x1 = 0−; i) = p̂(0)(s, x1 = 0+), i = 1, . . . ,N, (41a)

χA
(0)(s, x1 = 0−; i) = χA

(0)(s, x1 = 0+), i = 1, . . . ,N, (41b)

and

N∑
i=1

aiJ A(s, x1 = 0−; i) = aIIJ A(s, x1 = 0+), (42a)

N∑
i=1

aiJ (s, x1 = 0−; i) = aIIJ (s, x1 = 0+). (42b)

Here the argument i of the quantities in Eqs. (41) and (42) indicates that the quantity is evaluated in the i-th elemental
channel. The set of Eqs. (41) and (42) is the connection condition for the second extension.

4. Fluid-dynamic model for the Knudsen compressor

With the results of the analyses in Sections 2 and 3, we are ready to present the fluid-dynamic model for the
behaviour of the gas mixture in the Knudsen compressor.

Consider the Knudsen compressor composed of N elemental units of length L arranged in the X1-direction as
depicted in Fig. 5. The elemental unit is composed of two subunits, subunit I of length LI and width DI and subunit II
of length LII and width DII, where L = LI +LII and DI � DII. The subunit II is a channel of uniform width DII, while
the subunit I is composed of N elemental channels numbered from 1 to N . We denote the width of the i-th elemental
channel by Di (DI = D1 + · · · + DN ). The temperature Tw of the wall, including the shelves separating each subunit
I into N channels, is constant in time and depends only on X1. (In particular, the distribution of wall temperature in
subunit I is common to N elemental channels.) The temperature Tw(X1) varies smoothly in each subunit, is continuous
at junctions and is periodic with period L, i.e., Tw(X1) = Tw(X1 + L) [0 � X1 � (N − 1)L].
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Fig. 5. Schematic of the Knudsen compressor.

If individual elemental channels, channels i (i = 1, . . . ,N ) and II, are long enough, i.e., Di/LI � 1 and
DII/LII � 1, and their widths Di and DII are comparable to the mean free path of gas molecules, we can make
use of the results in Sections 2 and 3 for the description of the gas behaviour in the device. That is, the behaviour
of the gas mixture in the Knudsen compressor can be described by the fluid-dynamic model (29) for the individual
elemental channels with the connection conditions (41) and (42). Here, with the new notation

rI = LI/L, rII = LII/L (= 1 − rI),

we present the (dimensionless) fluid-dynamic model for the gas mixture in the Knudsen compressor:
In the i-th element of subunit I: for j < x1 < j + rI (j = 0,1, . . . ,N − 1)

∂sp̂iχ
A
i + T̂w∂x1J A

i = 0, (43a)

J A
i = ai

(
MA

P

(
Ki , χ

A
i , T̂w

)
∂x1 ln p̂i +MA

T

(
Ki , χ

A
i , T̂w

)
∂x1 ln T̂w +MA

χ

(
Ki , χ

A
i , T̂w

)
∂x1χ

A
i

) p̂i√
T̂w

, (43b)

∂sp̂i + T̂w∂x1Ji = 0, (44a)

Ji = ai

(
MP

(
Ki , χ

A
i , T̂w

)
∂x1 ln p̂i +MT

(
Ki , χ

A
i , T̂w

)
∂x1 ln T̂w +Mχ

(
Ki , χ

A
i , T̂w

)
∂x1χ

A
i

) p̂i√
T̂w

. (44b)

In the subunit II: for j + rI < x1 < j + 1 (j = 0,1, . . . ,N − 1)

∂sp̂IIχ
A
II + T̂w∂x1J A

II = 0, (45a)

J A
II = aII

(
MA

P

(
KII, χ

A
II , T̂w

)
∂x1 ln p̂II +MA

T

(
KII, χ

A
II , T̂w

)
∂x1 ln T̂w +MA

χ

(
KII, χ

A
II , T̂w

)
∂x1χ

A
II

) p̂II√
T̂w

, (45b)

∂sp̂II + T̂w∂x1JII = 0, (46a)

JII = aII
(
MP

(
KII, χ

A
II , T̂w

)
∂x1 ln p̂II +MT

(
KII, χ

A
II , T̂w

)
∂x1 ln T̂w +Mχ

(
KII, χ

A
II , T̂w

)
∂x1χ

A
II

) p̂II√
T̂w

. (46b)

At junctions: at x1 = rI, j, rI + j (j = 1, . . . ,N − 1)

χA
i = χA

II , p̂i = p̂II, (47a)
N∑

aiJ A
i = aIIJ A

II ,

N∑
aiJi = aIIJII, (47b)
i=1 i=1
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where p̂i and χA
i denote p̂(0) and χA

(0) in the i-th elemental channel in subunit I, p̂II and χA
II those in the subunit II

and Ki and KII the local Knudsen numbers in the i-th elemental channel and in the subunit II defined by

Ki = T̂w

aip̂i

K∗, KII = T̂w

aIIp̂II
K∗.

The quantities J A
i and Ji denote the dimensionless particle fluxes of species A and of the mixture through the i-th

elemental channel nondimensionalized by n∗Diε(2kT∗/mA)1/2; J A
II and JII the counterparts through the subunit II

nondimensionalized by n∗DIIε(2kT∗/mA)1/2.
With initial conditions for χA

i , χA
II , p̂i and p̂II and with proper boundary conditions at the both ends of the com-

pressor (at x1 = 0 and N ), we can describe the time evolution of the pressure and concentration distributions in the
device by the fluid-dynamic model (43)–(47). In the numerical simulations in the subsequent section, we shall use the
following boundary conditions at the ends of the compressor, depending on whether the end is open or closed, which
would be simplest and natural:

(i) Open end (or the end connected to a reservoir huge enough): the concentration of species A and the pressure of
the mixture are given.

(ii) Closed end: there are no particle fluxes of species A and of the mixture.

Before closing this section, it should be noted that the fluid-dynamic model summarized above describes the be-
haviour of the mixture in the limit of the infinitesimal aspect ratio of elemental channels: ε = 0+ or DI/L = 0+.

5. Numerical results and discussions

5.1. Preliminary test of the fluid-dynamic model

In order to assess the practical reliability of the fluid-dynamic model, we first performed test computations for
simple physical situations. We considered two types of elemental units of length L(= LI + LII), say type 1 and 2,
with a piecewise linear distribution of wall temperature, as depicted in Fig. 6. The unit is filled with a single-species
gas. Assuming the periodic condition at the left and right ends of the unit, which is equivalent to considering an
infinite connection of units (N = ∞), we compute the induced particle flux Nf in a steady state by means of two
different approaches: the computation of the fluid-dynamic model by the finite-difference method and that of the
Boltzmann system by Bird’s direct simulation Monte Carlo (DSMC) method [40,41]. In both computations, the hard-
sphere molecular model is assumed; in the former approach, the diffusion coefficients MP and MT are computed
by interpolation from the data in Ref. [42] that were obtained by accurate finite-difference analyses of the linearized
Boltzmann equation. The computations were performed for K∗ = 0.1 in the case of type 1 and for K∗ = 0.5 in the
case of type 2. Here, the reference Knudsen number K∗ = �∗/D∗ is defined with D∗ being DI and with n∗ in Eq. (8)
being the average number density of the gas.

Fig. 6. Schematic of two types of elemental units and the distributions of wall temperature for test computations. (a) Type 1: DII/DI = 1, LII/LI = 1
and N = 10. (b) Type 2: DII/DI = 2, LII/LI = 1 and N = 1.
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Fig. 7. Particle fluxes Nf induced in the units: type 1 and 2. The open circles with bars indicate the results of DSMC computation and their standard
deviation. The solid lines indicate the results of the fluid-dynamic model (L/DI → ∞). In the ordinate, m indicates the molecular mass of the gas.

Fig. 8. Knudsen compressor and distribution of wall temperature used in the simulation in the case of N = 3 and N = 4.

The particle fluxes obtained by the DSMC computations for several values of L/DI are compared with those
of the fluid-dynamic model in Fig. 7. In both cases, as L/DI increases, the DSMC results approach those of the
fluid-dynamic model, supporting that the fluid-dynamic model certainly provides an appropriate asymptotic limit as
L/DI → ∞ (or ε → 0). Further, it is seen from the figure that the fluid-dynamic model may be used as a practical
model for L/DI � 10.

5.2. Main results

In the present section, we shall present main results of the numerical simulations by the use of the fluid-dynamic
model. We performed the simulations of the following scenario. Prepare a Knudsen compressor composed of N
elemental units whose subunit I is subdivided into N channels of the same width (a1 = a2 = · · · = aN ). With keeping
the wall at a uniform temperature, which we shall take as the reference temperature T∗, put two different gases, gas
A and B, of the same amount into the compressor. We shall take the average number density of the mixture in the
compressor as the reference n∗. Close the both ends of the compressor, and, from a certain instant, set and keep the
distribution of wall temperature piecewise linear as depicted in Fig. 8. Observe the behaviour of the mixture in a final
steady state, especially the profiles of the pressure of the mixture and of the concentration of species A. The difference
of the concentration from 0.5 is the measure of performance of the Knudsen compressor as a gas separator. In what
follows, as in Section 5.1, DI is taken as the reference D∗. It should be noted that the pressure and the concentration
are common to the elements of subunit I, i.e., p̂1 = p̂2 = · · · = p̂N and χA

1 = χA
2 = · · · = χA

N , because the subunit I is
equally subdivided.

5.2.1. Numerical demonstration of the gas separation
We first present, in Fig. 9, a result of numerical simulation demonstrating the gas separation by means of the

Knudsen compressor. In the simulation, the diffusion coefficients derived from the McCormack model [43] of the
linearized Boltzmann equation for hard-sphere molecules (McCormack hard-sphere model) are used. The ratio of
molecular mass mB/mA and that of molecular diameter dB/dA are, respectively, mB/mA = 2 and dB/dA = 1. In
the figure, the profile of the pressure p of the mixture and that of the concentration χA of species A are shown by
solid lines. In Fig. 9(a), the case of the 1-unit device, both the pressure and the concentration increase in subunit I
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(a) (b)

Fig. 9. Performance of the Knudsen compressor as a gas separator in the case of K∗ = 1, rI = 0.5, N = 1 and aII = 2. (a) Simulation of 1-unit
device (N = 1). (b) Simulation of 100-unit device (N = 100). The solid lines indicate the results for the McCormack hard-sphere model, while
the dashed lines with label “(Hamel)” those for the Hamel BGK-type model.

(a) (b)

Fig. 10. Influence of the width of subunit II on the performance in the case of K∗ = 1, rI = 0.5 and N = 1. (a) Simulation of 1-unit device (N = 1).
(b) Simulation of 100-unit device (N = 100). The solid lines indicate the profiles of the concentration of species A, while the dashed lines those of

the pressure of the mixture. In (b), the pressure and concentration averaged in each unit, p and χA, are shown at the middle point of each unit.

(0 < X1/L < 0.5) and decrease in subunit II (0.5 < X1/L < 1). The differences of their values between the left and
right ends are the measure of performance of the 1-unit device as a compressor and as a gas separator. As is obvious,
the performance of the 1-unit device is very small. However, the performance can reach a practical level by increasing
the number of units. The performance of the 100-unit device is shown in Fig. 9(b). In each elemental unit, the pressure
p and the concentration χA behave similar to those in Fig. 9(a), leading to the zigzag distributions in Fig. 9(b). This
figure demonstrates that the performance of the 100-unit device at practical level is due to the accumulation of the
small effect in each elemental unit.

In the meantime, we performed the same simulation by the use of the diffusion coefficients obtained by the Hamel
BGK-type model Boltzmann equation [44]. The parameters related to molecules are set mB/mA = 2 and KBB =
KBA = 1. The results of the simulation are also shown in Fig. 9 by dashed lines with label “(Hamel).” Surprisingly,
even the 100-unit device hardly works at all as a gas separator in spite that the performance as a compressor is almost
the same. This result gives rise a question to the reliability of the simulation results for the McCormack hard-sphere
model. However, from a certain physical reason and simulation results for other molecular models to be presented
later, the BGK-type model is to be revealed inappropriate for the simulation of gas separation. For the moment, we
shall leave the question open and continue to use the McCormack hard-sphere model in Section 5.2.2. We shall come
back to the subject, the discussions on a proper modelling at the kinetic level, in Section 5.2.3.

5.2.2. Influence of the device geometry on the performance
By the use of the McCormack hard-sphere model with mB/mA = 2 and dB/dA = 1, we examine the influence of

the geometry of the elemental unit on the performance of the device; the influence of the width of subunit II (or the
ratio aII of the width of subunit II to that of I) is shown in Fig. 10, that of the number N of subdivisions in subunit I
in Fig. 11 and that of the proportion rI of subunit I to the elemental unit in Fig. 12. In these figures, the profiles of
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(a) (b)

Fig. 11. Influence of the number of subdivisions in subunit I on the performance in the case of K∗ = 1, rI = 0.5 and aII = 2. (a) Simulation of
1-unit device (N = 1). (b) Simulation of 100-unit device (N = 100). See the caption of Fig. 10.

(a) (b)

Fig. 12. Influence of the proportion of subunit I in elemental unit on the performance in the case of K∗ = 1, N = 1 and aII = 2. (a) Simulation of
1-unit device (N = 1). (b) Simulation of 100-unit device (N = 100). See the caption of Fig. 10.

the pressure and the concentration in the 100-unit device are not directly drawn; instead, their values averaged in
each unit, which are denoted by p and χA, are plotted at the middle point of each unit. The performance improves
as aII or N increases, while there is almost no influence of the proportion rI of subunit I on the performance both as
a compressor and as a gas separator. In Section 5.2.3, we shall present the simulation results for the case of N = 5,
aII = 5 and rI = 0.5 for the study of the proper modelling at the kinetic level.

5.2.3. Proper modelling at the kinetic level
As is pointed out at the end of Section 5.2.1, the evaluation of the gas separation performance strongly depends

on the choice of the kinetic model: the McCormack hard-sphere model yields prospective results, while the Hamel
BGK-type model negative ones. We shall discuss the dependence of the gas separation performance on the modelling
at the kinetic (or microscopic) level.

We consider three types of binary mixtures of noble gases, i.e., He–Ar, He–Ne and Ne–Ar, and investigate the
behaviour of the mixtures on the basis of the McCormack equation for hard-sphere molecules, for the Maxwell
molecules (McCormack Maxwell model), for the inverse power-law potential (McCormack IPL model) and for the
Lennard-Jones 12,6 model (McCormack LJ model). Among these four models, the last is empirically most reliable
and sometimes called the realistic model. The molar weights of He, Ne and Ar atoms are, respectively, 4.003, 20.183
and 39.944. The data of the parameters of molecular interactions, which are mainly taken from Ref. [45], are summa-
rized in Table 1 (see also Appendices A.2.1–A.2.4). In the case of the Maxwell, IPL and LJ models, the parameters
of the same-species interaction are determined from the viscosity μ and those of the different-species interaction
are from the mutual diffusion coefficient D12. In the case of the hard-sphere model, all the parameters are from the
viscosity. (More precisely, the first approximations [μ]1 and [D12]1 in Chapman and Cowling [45] are used). In the
simulations, the reference temperature T∗ is commonly set as T∗ = 273 K, while the reference Knudsen number K∗ is
set as K∗ = 1 (LJ), 1.52 (hard sphere), 1.10 (Maxwell) and 1.17 (IPL) in the case of the He–Ar and He–Ne mixtures
and K∗ = 1 (LJ), 1.16 (hard sphere), 0.837 (Maxwell) and 0.889 (IPL) in the case of the Ne–Ar mixture. These values
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Table 1
Data of molecular interactions between noble gases used in the present work

species α–β dαβ × 108 (cm) d
αβ∗ × 108 (cm) ναβ εαβ

k
(K)

hard sphere Maxwell IPL LJ IPL LJ

He–He 2.193a 2.58 2.50 2.70b 13.7c 6.03b

Ne–Ne 2.602a 3.06 2.97 2.80b 13.4c 35.7b

Ar–Ar 3.659a 4.30 4.32 3.42b 7.5c 124b

He–Ne 2.40d 3.00 2.74 2.64e 13.55f 23.7e

He–Ar 2.93d 3.50 3.32 2.98e 9.6f 40.2e

Ne–Ar 3.13d 3.85 3.66 3.11e 9.53f 61.7e

a In the fourth column of Table 11 in Ref. [45], p. 228.
b In the second or third column of Table 17 in Ref. [45], p. 237.
c In the third column of Table 14 in Ref. [45], p. 232.
d In the fifth column of Table 22 in Ref. [45], p. 263. Data by the rule of dαβ = (dαα + dββ)/2.
e In the sixth or seventh column of Table 23 in Ref. [45], p. 265.
f Data by the rule of −1 + 2(ναανββ − 1)/(ναα + νββ − 2). This is often used in the literature when experimental data is not available.

(a) (b)

(c)

Fig. 13. Molecular model dependence of the performance of the 50-unit device for noble gas mixtures in the case of K∗(LJ model) = 1, rI = 0.5,
N = 5 and aII = 5. (a) He–Ar, (b) He–Ne and (c) Ne–Ar. In (a) and (b) the solid lines indicate the concentration of He averaged in each unit, while
in (c) they indicate the concentration of Ne averaged in each unit. The dashed lines indicate the pressure of the mixture averaged in each unit. The
labels HS, LJ, IPL and M indicate the results for the McCormack hard-sphere, LJ, IPL and Maxwell models, respectively.

of K∗ are chosen in order that the same experiment (see the scenario in Section 5.2) is simulated by the different
kinetic models. (The superficial difference of the Knudsen number K∗ comes from the difference of the definition of
the mean free path among molecular models.) The results of the numerical simulations are shown in Fig. 13.

As is clear from the figure, the four models yield almost the same result for the performance as a compressor, while
they give considerably different ones for the performance as a gas separator. Since the LJ model is expected to be
reliable, we conclude that



174 S. Takata et al. / European Journal of Mechanics B/Fluids 26 (2007) 155–181
(i) The modelling by the use of the Maxwell molecule or the (Hamel) BGK-type equation fails to capture the physical
phenomenon of the gas separation. This modelling is unsuitable for the study of the gas separation in the Knudsen
compressor.

(ii) The modelling by the use of the hard-sphere model exaggerates the gas separation effect to some extent but
captures the qualitative feature well. This modelling is superior to that by the Maxwell molecule.

(iii) The results of the modelling by the use of the inverse power-law potential reasonably agree with those of the
modelling by the Lennard-Jones model. Practically, the IPL modelling would be good enough for the performance
estimate.

The incapability of the modelling by the Maxwell molecule reminds us that this model does not reproduce the
so-called thermal diffusion [45–47], which is the diffusion caused by the gradient of the temperature in the fluid-
dynamic regime. Since the source of the driving force of the Knudsen compressor is the temperature distribution on
the device wall, the nonuniform concentration in the device can be explained by the thermal diffusion in the near
fluid-dynamic regime (small K or K∗). This clearly explains why the modelling by the Maxwell molecule fails in this
regime. However, in the rarefied regime, the relative motion of one to the other species is induced thermally even in
the case of the Maxwell molecule. Thus, it is not obvious whether the feature in the fluid-dynamic regime is kept as
the gas rarefaction increases. In this sense, the incapability of the Maxwell molecule in the entire range of the Knudsen
number is one of the interesting findings in the present work. Incidentally, the BGK-type relaxation models, including
the Hamel equation, are made in such a way that the momentum exchange between different species is the same as
that of the Boltzmann equation for the Maxwell molecules. Therefore, the incapability of the Hamel equation in Fig. 9
may be considered to come from the properties of the Maxwell molecule described above.

6. Concluding remarks

We investigated a possibility of making use of the Knudsen compressor as a gas separator. Starting from the
description at the microscopic level on the basis of the kinetic theory of gases, we first derived the fluid-dynamic
model describing the behaviour of the mixture in the Knudsen compressor, following the idea proposed by Aoki
and Degond [16]. Then by the use of this model, we numerically demonstrated that the Knudsen compressor works
certainly as a gas separator. The separation performance is shown to reach a practical level by increasing the number
of units in the device.

Further, by testing various molecular models at the kinetic level, it is found that the modelling by the celebrated
Maxwell molecule (or the BGK-type model equation) fails to capture the gas separation in the Knudsen compressor.
This presents a remarkable contrast to the capability of the other fundamental model, the hard-sphere molecule, even
though this model exaggerates the separation effect to some extent.

In the present paper, in order to demonstrate that the Knudsen compressor does work as a gas separator, we have
restricted ourselves to the simplest situation where the mixture is composed of only two species of monatomic gases. It
is, however, possible to apply the present approach to more complicated situations such as mixtures of more than two
species, those of polyatomic gases, etc. These would be interesting issues of practical importance for future works.
We also restricted ourselves to the investigation of the final steady state, but the study of the time evolution is also
important to estimate the performance of the device for real applications. The presented fluid-dynamic model will also
serve for the research in this direction.

In conclusion, we took the solid first step of the research of gas separation by means of the Knudsen compressor.
Further investigations such as the time evolution, energy supply estimates, experimental verification, etc. will enrich
our knowledge to develop the gas separation method using the Knudsen compressor and its variants.
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Appendix A. Diffusion coefficients and the modelling at the kinetic level

As is mentioned in Remark 4, in order to obtain the diffusion coefficients MP, MA
P , MT, MA

T , Mχ and MA
χ ,

we have to solve the boundary-value problem of the linearized Boltzmann equation (23) for three elemental flows.
Nowadays, as is reported in [22], the solutions of the original Boltzmann equation for these flows can be obtained with
high accuracy. Nevertheless, it still requires time-consuming computations, and it is almost impossible to construct
a database covering the entire ranges of the Knudsen number and of the concentration and a certain range of the
temperature. Therefore, in the present work, we constructed the database by the use of the model Boltzmann equation
in place of the original one. To be specific, we adopted the McCormack [43] and Hamel BGK-type [44] models.

The advantage of using the model equations is not limited to the reduction of computational costs in finite-
difference analyses. The model equation can be reduced to the integral equation for macroscopic quantities [29,48],
which allows us to perform the numerical computations with higher accuracy when the velocity distribution function
abruptly changes in the velocity space (e.g. the Poiseuille flow for large Knudsen numbers [42,22]). Moreover, from
this reduced equation, we can derive the explicit expressions for the asymptotic behaviour of the particle fluxes for
large Knudsen numbers in the same way as in Refs. [33–35]. These advantages, together with the asymptotic theory
for small Knudsen numbers established by Sone [49,50,19], enable us to construct the database covering the entire
range of the Knudsen numbers. We will give the details of these analyses in a separate paper and briefly describe the
models adopted in the present work in this appendix.

A.1. Hamel BGK-type model equation

The Hamel BGK-type model [44] is a BGK-type relaxation model of the nonlinear Boltzmann equation for gas
mixtures the collision terms of which are given by

Jβα
(
f β,f α

) = Cβαnβ

(
nαM

(
ξ − vβα; mα

2kT βα

)
− f α

)
,

vβα = mαvα + mβvβ

mα + mβ
, T βα = T α + μβα

mα + mβ

(
T β − T α + mβ

6k

∣∣vβ − vα
∣∣2

)
,

where nα , vα and T α are those defined by Eqs. (3)–(4) and Cαβ ’s are constants with the symmetry CAB = CBA.
For this model, corresponding to Eq. (9), we define B
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√
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so that

�∗ = (8kT∗/mAπ)1/2
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, KAB = KBA = CBA

CAA
.

For the construction of the database of the diffusion coefficients, we need the linearized version of the collision terms,
which is given by
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Note the simple and explicit dependence of L
βα

T̂w
on T̂w. Because of this simplicity, one may construct the database

only for T̂w = 1, and the diffusion coefficients for T̂w 
= 1 can be obtained by the relation

M
(
K, χA

(0), T̂w
) = M

(
K

√
T̂w, χA

(0),1
)
,

where M represents MP, MA
P , MT, MA

T , Mχ and MA
χ .

A.2. McCormack model equation

The McCormack model [43] is a model of the linearized Boltzmann equation for gas mixtures obtained by the
approximation in terms of a complete orthogonal set of functions. The model adopted here is the so-called third-order
model, which reads, in the dimensionless form,
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where ωα , uα
i and θα are the same as those in the Hamel model,
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Here Cβα’s are constants with respect to c and occur in the total collision integral
∑

β=A,B KβαL
βα

T̂w
(for species α)

not separately but in the combination of KAαCAα + KBαCBα . We denote this combination by Cα and, following the
choice by Cercignani and Sharipov [51], define it as
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ν

(3)
AA − ν

(4)
AA

) + χB
(0)K

BAν
(3)
BA, Ψ B = χB

(0)K
BB(

ν
(3)
BB − ν

(4)
BB

) + χA
(0)K

ABν
(3)
AB.

As is clear from the definition above, a specific form of b
βα

T̂w
is necessary to complete the model. In this sense, the

McCormack model can be adapted to various specific molecular models. We shall give below the information about
the molecular models used in the present work.

A.2.1. Hard-sphere model
Denoting the molecular diameter of species α by dα , the function Bβα representing the molecular interaction for

hard-sphere molecules is written as

Bβα

( |e · V |
|V | , |V |

)
= 1

2

(
dβα

)2|V · e|, dβα = dα + dβ

2
.

From this, B
βα∗ ’s are given by

B
βα∗ = π

(
2

μ̂βα

)1/2(
dβα

)2
(

2kT∗
mA

)1/2

,

and the reference mean free path �∗, the coefficients Kβα’s and the function b
βα
τ are expressed as

�∗ = 1√
2π(dA)2n∗

,

KBB =
(

dB

dA

)2(
mA

mB

)1/2

, KAB = KBA =
(

dBA

dA

)2( 1

μ̂BA

)1/2

,

bβα
τ

( |e · C|
|C| , |C|

)
= 1

2π

(
μ̂βα

2

)1/2

|C · e|.

It should be noted that b
βα

T̂w
does not depend on T̂w, so that the same is true for the diffusion coefficients:

M
(
K, χA

(0), T̂w
) = M

(
K, χA

(0),1
)
,

where M represents MP, MA
P , MT, MA

T , Mχ and MA
χ . This property, as in the case of the Hamel model equation,

reduces the computational cost for the database construction. Incidentally, Ω
βα
kl is expressed as

Ω
βα
kl (τ ) = 1

8
√

π

(
2 − 1 + (−1)k

k + 1

)
(l + 1)!,

and is independent of τ .

A.2.2. Inverse power-law potential model
This model assumes the molecular interaction between species α and β with the potential Uβα of repulsive central

force given by

Uβα(r) = aβα

βα
, νβα � 3,
rν −1
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where r is the distance between the centres of molecules and aβα is a positive constant. For this model, the function
Bβα is written as

Bβα
(
cos θ, |V |) = 1

2

(
4aβα

μβα

)2/(νβα−1)

|V |(νβα−5)/(νβα−1) g(θ)

sin θ

dg

dθ

(
0 < θ <

π

2

)
,

where g is the monotonically increasing function of θ defined by the integral

θ =
yc(g)∫
0

[
1 −

(
y

g

)νβα−1

− y2
]−1/2

dy,

with yc being the (unique) positive solution of the equation 1 − (y/g)ν
βα−1 − y2 = 0. Since the integral in Eq. (9)

diverges for this Bβα , we define B
βα∗ ’s alternatively by

B
βα∗ = π

(
2

μ̂βα

)1/2(
d

βα∗
)2

(
2kT∗
mA

)1/2

,

where

d
βα∗ =

(
(νβα − 1)aβα

2kT∗

)1/(νβα−1)

.

This d
βα∗ has the dimension of length and a nice correspondence to the molecular diameter of the hard-sphere model

(see Section 10.31 in Ref. [45] and Table 1). In fact, the reference mean free path �∗ and the coefficients Kβα’s can
be written by the same expressions as those of the hard-sphere model with dβα being replaced by d

βα∗ . The function
b

βα
τ is written as

bβα
τ

(
cos θ, |C|) = 1

2π

(
2

(νβα − 1)τ

)2/(νβα−1)(
μ̂βα

2
|C|2

)(νβα−5)/(2(νβα−1))
g(θ)

sin θ

dg

dθ
,

leading to the following expressions of Ω
βα
kl ’s occurring in the model:

Ω
βα
kl (τ ) = 1

2
√

π
τ−2/(νβα−1)Ak

(
νβα

)
�

(
l + 2 − 2

νβα − 1

)
.

Here Ak(ν
βα) is the function in Chapman and Cowling (Ref. [45], p. 171) and � the gamma function.

A.2.3. Maxwell molecule
The Maxwell molecular model is a special kind of the inverse power-law potential model whose exponents are

commonly set as νβα = 5. This model has a celebrated feature that the dependence of Bβα on the relative speed
between colliding molecules vanishes:

Bβα
(
cos θ, |V |) =

(
aβα

μβα

)1/2
g(θ)

sin θ

dg

dθ

(
0 < θ <

π

2

)
.

The expressions for d
βα∗ , b

βα
τ and Ω

βα
kl (τ ) are those in Section A.2.2 with νβα = 5. It should be noted that Ω

βα
kl (τ )’s

are commonly proportional to τ−1/2, so that one may construct the database of the diffusion coefficients only for
T̂w = 1. The diffusion coefficients for T̂w 
= 1 can be obtained by the same relation as in the case of the Hamel model.
This correspondence reflects the fact that the Hamel model is the relaxation model of the Boltzmann equation for the
Maxwell molecules.

A.2.4. Lennard-Jones 12,6 model
This model assumes the molecular interaction between species β and α with the potential Uβα of the form

Uβα(r) = 4εβα

[(
d

βα∗
)12

−
(

d
βα∗

)6]
,

r r
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Fig. 14. Dimensionless impact parameter b vs. θc .

where r is the distance between the centres of molecules and εβα and d
βα∗ are positive constants. For this model, the

positive function Bβα is written as

Bβα
(
cos θ, |V |) = 1

2

(
d

βα∗
)2|V | 1

sin θ

∑
θc

b(ε, θc)

∣∣∣∣ ∂b

∂θc

∣∣∣∣
(

0 < θ <
π

2

)
,

where ε = μβα|V |2/4εβα and b(� 0) is the dimensionless impact parameter, which can be expressed as a function of
ε and θc by the relation of implicit form

θc = 1

2
b
√

ε

yc(b,ε)∫
0

[
1

4
ε
(
1 − b2y2) + y6 − y12

]−1/2

dy,

with yc being the smallest positive solution of the equation 1
4ε(1 − b2y2) + y6 − y12 = 0. The notation

∑
θc

denotes
that, for each fixed θ , the summation is taken over all the values of θc(� 0) such that θc = θ + nπ or (n + 1)π − θ

(n = 0,1,2, . . .). As is seen in Fig. 14, there are two different b’s, say bsmall and blarge, for every fixed θc and ε in the
range θc > π/2. In this range, the term b|∂b/∂θc| reads bsmall|∂bsmall/∂θc| + blarge|∂blarge/∂θc|.

As in the case of the inverse power-law potential model, the integral in Eq. (9) diverges for this Bβα ; thus we define
B

βα∗ ’s by

B
βα∗ = π

(
2

μ̂βα

)1/2(
d

βα∗
)2

(
2kT∗
mA

)1/2

.

Then the reference mean free path �∗ and the coefficients Kβα’s can be written again by the same expressions as those
of the hard-sphere model with dβα being replaced by d

βα∗ . The function b
βα
τ is written as

bβα
τ

(
cos θ, |C|) = 1

2π

(
μ̂βα

2

)1/2

|C| 1

sin θ

∑
θc

b(ε, θc)

∣∣∣∣ ∂b

∂θc

∣∣∣∣
(

0 < θ <
π

2

)
,

with ε = μ̂βα|C|2kT∗τ/2εβα . Since the integration in the definition of Λ
βα
k ’s cannot be carried out analytically for

this b
βα
τ , we do not have explicit expressions for Ω

βα
kl ’s and have their functional form only numerically.
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